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*Postulates and assumptions apply
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roduction

+ Inferring X = Y or Y — X from observations (x;, ), ..., (x,,y,) from

fxy is challenging.

» Simplifying assumptions made:

« Common confounders: not allowed!

Qutcome

« Bidirectional influence: not allowed!




Methodology motivated by an
epigenetic question



Does DNAm — BP or BP — DNAmM?

Early Life Exposures in Mexico to Environmental Toxicants (ELEMENT) cohort study

« Genes associated with blood pressure:
ATP2B1, FGF5, and PRDMS.

DNA
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« Gene expression controlled by methylation.

./ - Methylation influenced by external features.

External influence




Does DNAm — BP or BP — DNAmM?

Early Life Exposures in Mexico to Environmental Toxicants (ELEMENT) cohort study

« Genes associated with blood pressure:
ATP2B1, FGF5, and PRDMS.

« Gene expression controlled by methylation.
« Methylation influenced by external features.

e Questions:

1. EpiGWAS for BP?

2. DNAm — BPorBP — DNAmM?




Deliverables
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1. Asymmetric predictability: well-justified framework for studying statistical
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Does X —- YorY — X?

| Mutual Information (DMI)

1. Asymmetric predictability: well-justified framework for studying statistical
asymmetries between cause and effect.

2. New information theory-based measure: Directed Mutual Information (DMI).
A. DMI can test for independence.

B. DMI can quantify and estimate “asymmetries” between cause and effect.



Asymmetric predictability
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formation theoretic concepts

Entropy decomposition equation:

H(X,Y) = + +

Total information

Joint entropy: in (X, Y)
H(X,Y) = Eyy [_longY]

Marginal entropies H(X) and H(Y)

Symmetric!



Some information theoretic concepts

Entropy decomposition equation:
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formation theoretic concepts

Entropy decomposition equation:

HX,Y) = 4+ n Information

needed to predict X if

we know Y

Conditional entropy:

Asymmetric!



Comparing conditional entropies

Symmetric entropy decomposition

H(Y) (0.9

H(Y|X) H(X|Y)

Symmetric/balanced



Comparing conditional entropies

Asymmetric entropy decomposition

H(X)

2(09

H(Y|X) H(X|Y)

Asymmetry: “Less information needed to predict Y given X”



Asymmetric predictability

ality in information space

Step 1: Consider Y = g(X) + ¢

Postulate: If X — Y, the density f,, and the function g are “independent”.



Asymmetric predictability

sality in information space

Step 2: “peaks of fy do not coincide
with regions of large slope of g”

Cov llog (g’),fX] =



Asymmetric predictability

ality in information space

Step 3: after some more math...

If X — Y, we have
H(X|Y)= H(Y|X)+ non-negative value



Asymmetric predictability

lity in information space

Step 3: after some more math...

If X — Y, we have
H(X|Y)= H(Y|X)+ non-negative value

References:
Janzing, D., et al. (2012). Information-geometric approach to inferring causal directions.
Daniusis, P., et al. (2012). Inferring deterministic causal relations.



Towards defining DMI
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Entropy ratio

ion and properties

Entropy ratio compares H(X | Y) and H(Y | X):

exptH(X|Y)]

BRI = o THX 1)) + explHO O]

ER(X|Y) > ER(Y|X)
— HX|Y)> H(Y|X)
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Estimation and inference using
DMI




DATA D

Directed Mutual Information (DMI)

stimation and inference

1. Estimate density functions (“nuisance parameter”) using one split

2. Evaluate entropy and mutual information using other split

Data split D4 E;timateg densilt)ies: Intermediate estimates: Final estimates:
Sample size n, FO1 (Y £P100) £P1¢, A _ = = _ _
fer () Jx () Jy () l MI(X,Y)=H(X)+H(Y)—-H(X,Y) DMI(X|Y) = MI(X,Y)XER(X|Y)
Data split D, Estimated quantities: H (X|Y) = H (X,Y) — H (Y) DMI (Y|X) = MI(X,Y)XER(Y|X)
Sample size n, HX,Y),H(X), HY) ' HY|X)=HX,Y) — HX) A=DMI(X|Y)—DMI(Y|X)




DATA D

Directed Mutual Information (DMI)

‘imation and inference

1. Estimate density functions (“nuisance parameter”) using one split

2. Evaluate entropy and mutual information using other split

Sample splitting eliminates bias due to
nuisance parameter estimation.

Data split D, Estimated densities: Intermediate estimates: Final estimates:

Sample size nq fX (), fDl( ), fYD
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DATA D

Directed Mutual Information (DMI)

‘imation and inference

1. Estimate density functions (“nuisance parameter”) using one split

2. Evaluate entropy and mutual information using other split

Cross-fitting yields improved empirical
performance.

Data split D, Estimated densities: Intermediate estimates: Final estimates:

Sample size nq fX (), fDl( ), fYD

MI(X,Y)=HX)+ HY)—-H(X,Y) DMI(X|Y) = MI(X Y)XER(X|Y)
Data split D, Estimated quantities: HX|Y) =H(X,Y) — H(Y) 1‘1 (Y|X) = MI(X,Y)XER(Y|X)
Sample size n, HX,Y),H(X), HY) HY|X)=H(X,Y) — HX) A = DMI(X|Y) — DMI(Y|X)




Directed Mutual Information (DMI)

oretical guarantees

1. Assuming the density functions are bounded, when min(n, n,) = oo, we
have DMI(X|Y) 5 DMIX|Y).

2. Assuming M1 # 0, min(n, n,) — oo, we have \@ (A — A) 3 N(0,6%) .
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etical guarantees

Consistent estimates of

DM/ permit test of independence

using permutation.

1. Assuming the density functions are bounded, when min(n, n,) = oo, we
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Directed Mutual Information (DMI)

etical guarantees

1. Assuming the density functions are bounded, when min(n, n,) = oo, we
have DMI(X|Y) 5 DMIX|Y).

Sign of Ainforms X — Y

(95%) Cl allows for calibration

2. Assuming M1 # 0, min(n, n,) — oo, we have \/172 (A — A) 3 N(0,6%) .



New epigenetic insights using
DMI




Does DNAmM — BP or BP —- DNAM

ation of DMI to methylation studies

Cohort of 525 children of age 10 - 18 years in the ELEMENT cohort.

3 candidate genes: ATP2B1, FGF5, and PRDMS.

Mildly correlated methylation sites: 21 for ATP2B1, 21 for FGF5, and 51 sites for PRDMS8.



Does DNAmM — BP or BP —- DNAM

ion of DMI to methylation studies

« Cohort of 525 children of age 10 - 18 years in the ELEMENT cohort.

- 3 candidate genes: ATP2B1, FGF5, and PRDMS.

- Mildly correlated methylation sites: 21 for ATP2B1, 21 for FGF5, and 51 sites for PRDMS8.

1. Test for association between DNAm site and BP for a given gene.

2. Aggregate all DNAm-findings using Cauchy combination test for each gene.

3. In DNAm sites associated with BP, check if DNAm — BP or BP — DNAm.



3 1: DNAm site
17564205 in
ATP2B1

« Strongly associated
with diastolic BP.

« Strong signal to drive
gene-wide association

with DBP.

« Next: check DNAmMm —
BP or BP = DNAM?

CCT-based combined p-value for association of
ATP2B1 gene with DBP: 0.042

508575 -

729815 -
1505016 -
2904779 -
5379312 -
8975915 -
10501629 -
15721571 A
17455939 -
17564205 -
18542050 -
20641545 -
21712036 -
22043586 -
23204070 -
23392763 -
23461512 -
23525112 -
24171152 -
27478060 -

27557698 -

DNAm:*17564205
(p-val = 0.0021)

2
~logo(p - value)




CCT-based combined p-value for association of
FGF5 gene with SBP: 0.019

2002231 - —

,ng 2: DNAm 4401986 -
#125287in FGF5 [

5894124 -

8409465 -

10031614 -
10218799 -

11580948 -

12087412 -
« Strongly associated 12341047 -
with systolic BP. 120526713

DNAmM: 12528713
(p-val = 0.0013)

12666773

14197923 -

« Strong signal to drive
gene-wide association 15610548 -
with SBP. 16459120 -

16971003 -

14349667 -

17080423 - P

« Next: check DNAm — r0528583
BP or BP = DNAmM? 214775081 -

23973123 - -

0 : 2 ' 3
~logo(p - value)




CCT-based combined p-value for association of

PRDMS8 gene with SBP: 0.012
1304890

1789499 - —

g 3: DNAmM site 2732915

3404272 -

52804 in PRDMS8 igtisee] =

4343891 -
5059566 -
5452645 -
55220111  —
5974274 -
6373870 - '

%‘égggg' —— . DNAmM: 7462804
7857469 - - ; -val = 3e-04
9560763 - . P )
9595050 - -

10129063 -

- g

« Strongly associated 03300081 ——

- - ] S
with SYStOIIC BP. 11983124 -
12572049 -

14197071 -

14326413 -

14489346 -

« Strong signal to drive HitiE
gene-wide association JeEiie:
with SBP. 20142271 -
21082141 -
22054918 - N

22186374 -
22902505 - e

« Next: check DNAmM — ggggggg: —
BP or BP = DNAmM? 21018912
27242132 -
27639662 -

T T T T
0 1 2 3

~logo(p - value)




BP — #17564205 in ATP2B1

Examining A (95% Cl).

Asymmetry not detected: -0.23 ( -4.81, 4.34)

] ]
---------------------------- B i T I T
' [

PRDM8
(7462804)

Asymmetry not detected: -4.76 (-13.27, 3.74)
(12528713) |

Asymmetry detected: -2.14 ( -3.85, -0.42)

ATP2B1 I
(17564205) | * | |

-5
A

Blood pressure type — Diastolic -- Systolic

1. No asymmetry detected: #7462804 (PRDMS8) and #12528713 (FGF5)

2. Asymmetry detected: Diastolic BP — #17564205 in ATP2B1.



Thank you for your
time!
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