University of
29 Pittsburgh.| miciea

Dimension reduction
- Principal Component Analysis
- Independent Component Analysis*

BIOST 2155

Class 9
October 30th, 2026



Mapping what we have learnt so far...

tumors

Features Targets/
(input) labels Task type ML type Metric
P (output)
Prediction of brain volume from gestational age Regression RMSE,
g g (Numeric) J R-squared
Classification of heart failure using ultrasound or — e s Accqrgcy,
magnetic resonance imagin (Categorical) Classification Precision,
g 9ing ategorica Recall, AUC
Silhouette
Patient health profiles using wearable device data O Clustering score, Gap
statistic
Compressing information from 30 features to study . . . .
s . . . . - - Dimensionality Explained
similarities/differences in benign and malignant breast O . :
reduction Variance




4. Detecting breast cancer from biopsy of cell nuclel

Context: Breast cancer diagnosis relies on analyzing over 30 quantitative features from tumor images, such as cell size,
shape, and texture.

Challenge: Manually analyzing 30+ interacting features for every patient is impossible. We cannot "see" the data in 30
dimensions to spot hidden patterns.

By applying PCA to a dataset of tumor measurements, we can distill complex tumor-related information into a
simple 2D map.

Original Features: Measurements like mean radius, mean texture, and mean smoothness describe the tumor.

Principal Components (PCs): PCA combines the original 30+ features into two new, powerful summary variables that
capture the most important information.

Why do we care?

Rapid Pattern Discovery.
Confirms Model Feasibility.
Data-Driven Insights.




4. Detecting breast cancer from biopsy of cell nuclel

PCA of Breast Tumor Data

Separation of Benign and Malignant Tumors with clear boundary
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Principal Component 1

Diagnosis e Benign 4 Malignant

PCA can take a complex dataset with many measurements and distill it into a simple, powerful
visualization.

We see a clear underlying pattern that separates benign and malignant tumors, confirming that the
data is highly suitable for building an accurate predictive machine learning model.



On data visualization for p > 3

PCA as a tool for EDA and pre-processing (feature engineering)

Suppose we wish to visualize n observations on a set of p features X, X,, ...,Xp. We could do this via all

pairwise scatterplots, but we’d be looking at ~ p2 plots.

We still want to have an informative way to visualize variation in data.
Can we discover subgroup patterns among the features or observations?

Principal components are a good way of doing both of those things!
1. Finds a low-dimensional representation of data that contains maximum possible variation.

2. Although observations lives in R”, but not all of these dimensions are equally interesting.

3. PCA seeks those dimensions that are as interesting as possible, where the concept of interesting is
measured by the amount that the observations vary along each dimension.

4. Each of the dimensions found by PCA is a linear combination of the p features.




Principal Component Analysis

Overview

1. We will first assume that the set of features X, X,, ..., X, have mean zero.
2.  The first principal component Z, of a is the normalized linear combination of the features:
2y =Xy + Xy +...4+ @, X,

3. ¢, ¢oyye-0,) are the loadings of Z

p

4.  Normalized linear combinations = loadings satisfy 2 ]% =1
j=1

5. How to specify ¢, ¢,,....¢,;? Maximize sample variance of Z,. Since X;. X;. .... X, have mean zero, so does Z,.
2
1 <& P 14
max ; Z Z¢j1xji subject to Zgb]% =1
¢11"“¢p1 l=1 ]=1 ]=1

Can be solved via eigen

decomposition!!




Moving beyond the first PC Z,

Adding a constraint for second PC 7,

1. Second principal component Z, is the linear combination of X, X, ...,Xp that has maximal variance among all linear
combinations that are uncorrelated with Z;.

2. Z, of ais the normalized linear combination of the features:

Lo =Xy + Xy +.. .+ @ X,

3. {1, Prps-. @ are the loadings of Z,

p
4. Normalized linear combinations = loadings satisfy Z ]% =]

j=1
5. How to specify ¢, |, ¢p,....0,5? Candbe solved _;/_ia e"igen
ecomposition!!
, P
1 n P P P
max — Z Z¢j23€ji subject to Z J% = 1 and ij1€bj2= 0
PPy | 1T Fy =1 =1 Each PC must be

uncorrelated with the
others.




The geometry of PCA

Looking for maximal variance

30 1

» Loadings ¢, ¢,,....¢, define a direction

(obtained using linear combination of o 20°
X, X5, ..., X)) in feature space along S
which the data vary the most. ..

* |f we projected (looked at the linear
combination ¢:_2X1 -+ ¢22X2 + ...+ ¢p2Xp) | | |
the n data points onto the direction that is : Variable N

specified by ¢, @y,....¢,;, the | | | __ |

: : _ _ Cloud of simulated data points (orange dots) and its two PC directions, which
projections are the prlnCIpaI component represent the axes of greatest variance (PC1: red) and second-greatest variance
scores themselves. (FC2 blue).

The red triangles are projections of each original orange dot onto the PC1 line.
The blue crosses are projections of each original orange dot onto the PC2 line

Assigned reading: ISLR2 pg 499 - 501



We illustrate the use of PCA on the USArrests data set. For each of the
50 states in the United States, the data set contains the number of arrests
per 100, 000 residents for each of three crimes: Assault, Murder, and Rape.
We also record UrbanPop (the percent of the population in each state living
in urban areas). The principal component score vectors have length n = 50,
and the principal component loading vectors have length p = 4. PCA was
performed after standardizing each variable to have mean zero and standard
deviation one. Figure 12.1 plots the first two principal components of these
data. The figure represents both the principal component scores and the

loading vectors in a single biplot display. The loadings are also given in
Table 12.2.1.

-0.5 0.0 0.5

PC1 PC2
Murder 0.5358995 —0.4181809
Assault  0.5831836 —0.1879856
UrbanPop 0.2781909 0.8728062
Rape 0.5434321 0.1673186

M - UrbanPop
N —
/ n
Hawai California <
Rhoa&llmsmv Jersgy
rs C ticut
§ - = prnserE Washington |/ Colorado
8 . Ohio =/ mmh;?g‘ri;g% Nevada
S WiscoMifinesota pannsyivania Oregén ~ Rape
(o] [ _Texat
(&) Kansa@klahBRaWware pge. o .
2 _ Nebraska |ndiana Michigan o
o o - New Ha%@h ire s . Flondal™ o©
g ldaho Vlrgmia\‘*«\_-""---___ New Mexico
& Maine Wyoming . T—_Maryland
, Montana -
'g rth Dakota Assault
South Dakota isi
8 = - Kentucky TenneSs_g_E?uusnar: "
Arkansas Alabama a -
gorgia
VermontWest Virginia Murder
0
C\|l ] South Carolina ?
North Carolina
Mississippi
| 1 | I | |
-3 -2 -1 1 2 3

First Principal Component

TABLE 12.1. The principal component loading vectors, ¢, and ¢z, for the
USArrests data. These are also displayed in Figure 12.1.

Assigned reading: ISLR2 pg 499 - 501

FIGURE 12.1. The first two principal components for the USArrests data. The
blue state names represent the scores for the first two principal components. The
orange arrows indicate the first two principal component loading vectors (with azes
on the top and right). For example, the loading for Rape on the first component
is 0.54, and its loading on the second principal component 0.17 (the word Rape
is centered at the point (0.54,0.17)). This figure is known as a biplot, because it
displays both the principal component scores and the principal component loadings.



Proportion of variance explained

Scree plots

p M
Z V(X)) = Z W(Z,) where M = min(n — 1,p)
j=1

m=1

* |nterested in knowing the proportion of
variance explained (PVE) by each PC.

» Jotal variance present in the data:
P P n
— —1 2
> ux) = o 3
]:1 ]=1 =1
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Not all PC are created equal...

How many do we really need?

* |f we use principal components as a summary of
our data, how many components are sufficient?

 No simple answer to this question, as cross-validation
IS not available for this purpose.

* |nstead, the “scree plot” on can be used as a guide;
we look for an “elbow”.

Some sort of rule-of-thumb: “pick smallest M that
explains 80% of Cumulative PVE”

PVE
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Slide from week 3

Derived input directions

Introduction (will skip principal components for now)

o Linear regression models using the original predictors X;, X, ..., Xp_l, Xp with different estimation techniques:

 Ordinary least squares
* Subset selection
 Shrinkage
* Now, we’ll explore approaches that transform the predictors and THEN fit a least squares model.

In many situations we have a large number of inputs, often very correlated.

In this section, we produce a small number of linear combinations Z_, m = 1,2,..., M of the original

inputs X.,7 = 1,2,...,p, and Z_s are then used in place of X:s as inputs in the regression. m<p
J P ” .

The methods differ iIn how the linear combinations are constructed.

Dimension reduction (kind of...)




Math notation (©)

General schematic of reducing dimensionality of predictors

« Stepi:LetZ,,Z,,...,Z,,represent M < p linear combinations (weighted average) of our original predictors:

p
Z, = 2 . € Use PCs here!!
j=1

yi=0+ Y Ozmte < Y=Z0+e

* Step 2: Fit a linear regression model

Potential gains

Lose a little: higher bias
Overall: less MSE

Dimension reduction serves to constrain the estimated ,B] coefficients



Principal components regression (PCR)

More use for derived PCs

- Usesthe PCs Z,, Z,, ..., Z,, of the predictors X, X, ..., X as the new
predictors in a model, instead of using the original predictors.




Independent Component Analysis*

Introduction

Imagine you are at a party with
three microphones recording in
different spots. Each microphone
picks up a mixture of three
people talking simultaneously.

 Observed signals:
Xl(t)a XZ(t)a X3(t)

 Source signals:
Sl(t)a S2(t)9 S3(t)

The goal of ICA is to take the

mixed recordings (X) and
"unmix" them to recover the

original, independent voices ()

But if A is invertible, it

must be square??

PCA to the rescue!!

Start with p features,
obtain first k PCs
L, 2y, ..., 20




Independent Component Analysis*

Applications

Artifact Removal in EEG & MEG

Problem: Electroencephalography (EEG) signals are notoriously
noisy. The scalp electrodes record a mixture of true neural signals
and powerful "artifacts" (noise) like eye blinks, muscle twitches
(EMG), and heartbeats (ECGQG).

|ICA Solution: We run ICA on the multi-channel EEG data to identify the
independent components that correspond to artifacts (e.g., eye blinks
have a very characteristic shape and spatial map). Set the artifact
components to zero. Reconstruct the "clean” signal using the
remaining components.

Result: A much cleaner EEG signal for clinical or research
analysis.

Decomposing Omics Data (Gene Expression)

Problem: A tissue's gene expression profile (e.g., from RNA-seq)
Is a complex "mixture" resulting from many independent
biological processes (e.g., cell cycle, immune response, stress)
and technical factors (e.g., batch effects).

ICA Solution: ICA can be applied to a gene expression matrix (n
samples x p genes) to find a set of independent components

Result: Each component represents a distinct "transcriptional
signature" or regulatory program. This can help researchers
discover novel biological pathways or identify and remove strong,
unwanted batch effects in an unsupervised way.




Post-class debrief

Today we discussed...

When working with high-dimensional data (i.e., p > 3 features), it becomes difficult to visualize and analyze. A simple approach like
creating pairwise scatterplots is insufficient, as it would require viewing ~ p2 plots. The primary goal of PCA is to find an informative,

low-dimensional representation of the data that captures the maximum possible variation. It seeks to identify the most "interesting"
dimensions by measuring how much the observations vary along each new dimension. This also serves as a tool for Exploratory Data
Analysis (EDA), pre-processing, and feature engineering

e Key components of implementing PCA:
® PCA creates new variables, called Principal Components (PCs), which are linear combinations of the original features

e Geometrically, the loadings define a direction in the feature space along which the data vary the most. The PC scores (Z;)

are the projections of the original data points onto this direction.
® A scree plot is used to visualize the Proportion of Variance Explained (PVE) by each successive PC

® Principal Components Regression (PCR): PCR uses the first M principal components as the new predictors in a linear regression
model instead of the original predictors. Since all PCs are orthogonal (uncorrelated) by design, PCR solves the problem of unstable
estimates that OLS suffers from when predictors are highly correlated. It reduces model variance and prevents overfitting by fitting
a model on fewer covariates. The main cost is a loss of interpretability. The model coefficients are for the PCs, which are complex
linear combinations of all original predictors, making their individual effects difficult to interpret.






