
Pre-class progress check
By now, you should have

1. Reviewed slides from week 2 (09.04)

2. Completed Quiz 2 on Canvas (due 8:59AM on 09.11)

1. Reviewed lab code from week 2 (09.04)

1. Checked out slides from week 3 (today)

1

Worked out example for bootstrap Worked out example for permutation test

https://soumikp.github.io/2026_sl4hds/lectures/02-training/extras/bootstrap.pdf
https://soumikp.github.io/2026_sl4hds/lectures/02-training/extras/permutation_test.pdf


Class 3 
September 11th, 2026

Supervised learning (I): Regression (I) 
- subset selection (best subset + stepwise) 
- shrinkage (ridge + lasso + elastic net) 
- dimension reduction (partial least squares)

BIOST 2155



Linear regression
Review

1. Simple, interpretable, and often 
provide an adequate description 
of how inputs affect an output. 


2. Outperform more complex 
nonlinear models in situations 
with small training sets, low 
signal-to-noise ratios, or sparse 
data.


3. Understanding linear methods is 
essential for understanding 
complex nonlinear models.

Goal: predict a continuous output  based on an input vector 
of many features.  

Y
p−

XT = (X1, X2, …, Xp)

 

’s are unknown model parameters and ’s can be 
- (Functions of) Quantitative inputs 
- Numeric/dummy coding of levels of qualitative inputs 
- Interactions between variables

E(Y ∣ X) = f(X) = β0 +
p

∑
j=1

βjXj

βj Xj

ℒ(X, y, β) = RSS(β) = (y − Xβ)T (y − Xβ)
̂β = argmin RSS(β) = (XTX)−1 (XTy)

For normally distributed error, ̂β ∼ N (β, σ2 (XTX)−1)
Standardized z-score.  

Confidence interval (set) for coefficients. 
 F-statistic test for (group of) coefficients.



RECAP: Prediction of brain volume from gestational age

Follows the data very closely, capturing 
local variations and fluctuations.  

However, this curve might be overfitting 
the noise in the data.

Captures the non-linear trend in the data 
without the excessive fluctuations of the 

LOESS model. It represents a good 
balance, illustrating the natural, curved 

pattern of brain growth over time.

1. Fit a linear model 

2. Summarize linear model 
1. Estimated model parameters 
2. Goodness of model fit 

3. Testing hypothesis for model parameters 

4. Confidence interval vs prediction interval



Linear regression
Review

RSS(β) =
n

∑
i=1

(yi − β0 − β1X1i − ⋯ − βpXpi)
2

 solves the score equation: ̂β
∂RSS(β)

∂β
β= ̂β

= 0

̂β = argmin
n

∑
i=1

(yi − β0 − β1X1i − ⋯ − βpXpi)
2

̂σ2 =
n

∑
i=1

(yi − ̂yi)2/(n − p − 1)

Ŷ = X ̂β = X (XTX)−1 (XTy) = Hy

Math/technical recall

Application recall

?

??

???

???



Linear regression
Review
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Linear model (confidence interval)
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Linear model (prediction interval)

̂y0 ± tα/2,n−2 ⋅ se ⋅
1
n

+ (x0 − x̄)2

∑ (xi − x̄)2
̂y0 ± tα/2,n−2 ⋅ se ⋅ 1 +

1
n

+ (x0 − x̄)2

∑ (xi − x̄)2

se =
∑ (yi − ̂yi)2

n − 2



Linear models
What works and what doesn’t…

• Linear models are great!

• Interpretability

• (Usually) good predictive 

performance


• Issues may arise when

• Data are not i.i.d.

• Collinearity

• p > n

• Alternatives are a must because

•  yields unstable 

estimates and predictions

• Removing non-helpful covariates/

predictors may improve model 
interpretability and generalizability. 

n ≈ p or p > n



‘Better’ linear models through…
Three classes of methods

• Subset Selection: identify a subset of  predictors that we believe to be 
related to  and fit a model using OLS on the identified subset.


• Shrinkage: fit a model involving all  predictors, but s are shrunken towards 
zero relative to OLS estimates; also known as regularization. 


• Dimension Reduction: project the  predictors into a -dimensional 
subspace, where , use projections as predictors to fit a linear 
regression model by OLS.

p
Y

p ̂β

p M
M < p



Stat prep for subset selection
Measures of model fit - recap

 and  

Small  relative to  is a good thing!

RSS = RSS( ̂β) TSS =
n

∑
i=1

(yi − ȳ)2

RSS TSS

 =  

Large values of  are good.

R2 1 −
RSS
TSS

R2

Adjusted  = . Large values are good.R2 1 −
RSS/(n − d − 1)

TSS/(n − 1)

Mallow’s  = . Small values are good.Cp
1
n (RSS + 2d ̂σ2)

BIC = . Small values are good.
1
n (RSS + log(n)d ̂σ2)

Need to minimize RSS/(n − d − 1)

Equivalent to AIC for normal errors.

BIC places heavier penalty on larger 
models than .Cp

Can use k-fold CV to get error as well! 
These are (computationally cheaper) 

other ways to estimate test error

*



Math prep for subset selection
Basic combinatorics

“p choose k" is a fundamental concept in combinatorics that calculates the number of ways to select a smaller 
group (a subset) of  items from a larger collection of  distinct items, where the order of selection doesn't matter. 

1. Notation: . Note that  and . 

2. How many project pairs can be chosen from twelve people =  

k p

(p
k) =

p!
(p − k)!k!

k! = k ⋅ (k − 1)⋯(2) ⋅ 1 0! = 1

(12
2 )

The total number of possible subsets of any size that can be formed from a set of  items is .  p 2p

p

∑
k=0

(p
k) = (p

0) + (p
0) + ⋯ + ( p

p − 1) + (p
p) = 2p



Subset selection - I
Best subset selection

1. Let  denote the null model, which contains no predictors 
and predicts the sample mean for each observation. 


2. For 


1. Fit all  models that contain exactly  predictors.


2. Pick the best (having least ) among these  

models and call it . 


3. Select the best model among  
using pre-specified measure of model fit.

ℳ0

k = 1,2,…, p :

(p
k) k

RSS (p
k)

ℳk

ℳ0, ℳ1, …, ℳp−1, ℳp

Question 1: why only   
What about the other metrics?

RSS?

Question 2: how does the 
problem scale with ?p

Question 3: there is a risk of 
overfitting for large . Why?p

Question 4: what to use instead 
of  for GLMs?RSS



Subset selection - I
Best subset selection
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Subset selection - II
Stepwise (forward) selection.

1. Let  denote the null model, which contains no 
predictors and predicts the sample mean for each 
observation. 


2. For :


1. Given , consider all  (?) models that contain 
all variables in , plus one additional predictor.


2. Pick the best (having least ) among these  
models and call it .


3. Select the best model among  
using pre-specified measure of model fit.

ℳ0

k = 0,1,…, p − 1
ℳk p − k

ℳk

RSS p − k
ℳk+1

ℳ0, ℳ1, …, ℳp−1, ℳp

Question 1: why only   
What about the other metrics?

RSS?

Question 2: how does the 
problem scale with ?p

Question 3: not guaranteed to 
find the “best” model. Why?



Subset selection - III
Stepwise (backward) selection.

1. Let  denote the full model, which contains all  
predictors. 


2. For :


1. Given , consider all  (?) models that contain all 
but one of the variables in . 


2. Pick the best (having least ) among these  
models and call it .


3. Select the best model among  
using pre-specified measure of model fit.

ℳp p

k = p, (p − 1), …,1
ℳk k

ℳk

RSS k
ℳk−1

ℳ0, ℳ1, …, ℳp−1, ℳp

Question 1: why only   
What about the other metrics?

RSS?

Question 2: how does the 
problem scale with ?p

Question 3: can I use backward 
selection when n < p?



Shrinkage methods
Introduction

• The subset selection methods use OLS to fit a linear model that contains a 
subset of the predictors. 


• As an alternative, we can fit a model containing all  predictors using a 
technique that constrains or regularizes the coefficient estimates, or 
equivalently, that shrinks the coefficient estimates towards zero.


• Not be immediately obvious why such a constraint should improve the fit, but 
it turns out that shrinking the coefficient estimates can significantly reduce 
their variance.

p



Shrinkage methods - I
Ridge regression

OLS procedure estimates using the values that minimizes 




β = (β0, β1, …, βp)
T

RSS(β) =
n

∑
i=1

(yi − β0 − β1X1i − ⋯ − βpXpi)
2

̂βOLS = argmin RSS(β)

Ridge regression estimates using the values that minimizes 




β = (β0, β1, …, βp)
T

RSS(β) + λ
p

∑
j=1

β2
j =

n

∑
i=1

(yi − β0 − β1X1i − ⋯ − βpXpi)
2

+ λ
p

∑
j=1

β2
j

̂βR = argmin RSS(β) + λ
p

∑
j=1

β2
j

 is a tuning parameter, will be 
determined using k-fold CV.

λ

Places a shrinkage penalty 

 that shrinks the 

estimates of  towards zero. 

λ
p

∑
j=1

β2
j

βj

The sum starts at . 

 is never penalized: shrinking the intercept 

toward 0 would claim the outcome is zero 
when every predictor is.

j = 1
β0



Shrinkage methods - I
Ridge regression continued…

OLS estimates are scale equivariant: multiplying  by a 
constant  simply leads to a scaling of the  by : 
regardless of how  is scaled,  will remain the same.


In contrast,  can change substantially when multiplying a 
given predictor by a constant, due to the penalty part of the 
objective function. Therefore, it is best to apply ridge 
regression after standardizing the predictors:


.

Xj
c ̂βOLS

j 1/c
Xj Xj

̂βOLS
j

̂βR
j

x̃ij =
xij

1
n ∑n

i=1 (xij − x̄j)
2
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Simulated data with  observations,  predictors, all having 
nonzero s. Squared bias (blue), variance (green), and test mean squared 
error (red) for the ridge regression predictions on a simulated data set, as a 
function of  and .

The horizontal dashed lines indicate the minimum possible MSE. The red 
crosses indicate the ridge regression models for which the MSE is smallest.

n = 50 p = 45
β

λ || ̂βR
λ ||2/|| ̂β||2

Increasing  increases bias but decreases variance. 
Ridge regression shrinks estimates towards zero but not 
exactly zero (i.e. no feature selection). When  is large, all 
predictors contribute to the model (i.e. it improves 
prediction accuracy but not interpretable).

λ

p

↕



Shrinkage methods - II
Lasso regression

Like ridge, the lasso shrinks the s towards zero. However, the  penalty forces some s to be zero when  is large.


Hence, the lasso performs variable selection and not just regularization.


We say that the lasso yields sparse models — that is, models that involve only a subset of the variables.

̂β ℒ1
̂β λ

Lasso regression estimates using the values that minimizes 




β = (β0, β1, …, βp)
T

RSS(β) + λ
p

∑
j=1

|βj| =
n

∑
i=1

(yi − β0 − β1X1i − ⋯ − βpXpi)
2

+ λ
p

∑
j=1

|βj|

̂βL = argmin RSS(β) + λ
p

∑
j=1

|βj|

 is a tuning parameter, will be 
determined using k-fold CV.

λ

Places a shrinkage penalty 

 that shrinks the 

estimates of  towards zero. 

λ
p

∑
j=1

|βj|

βj



Shrinkage methods - III
Ridge-vs-Lasso

Why is it that the lasso, unlike ridge regression, 
results in s that are exactly equal to zero?̂β

min
β

n

∑
i=1

(yi − β0 − β1X1i − ⋯ − βpXpi)
2

+ λ
p

∑
j=1

β2
j

min
β

n

∑
i=1

(yi − β0 − β1X1i − ⋯ − βpXpi)
2

+ λ
p

∑
j=1

|βj|

 subject to  min
β

n

∑
i=1

(yi − β0 − β1X1i − ⋯ − βpXpi)
2 p

∑
j=1

β2
j ≤ s

 subject to  min
β

n

∑
i=1

(yi − β0 − β1X1i − ⋯ − βpXpi)
2 p

∑
j=1

|βj| ≤ s

Challenge: something similar for best subset selection?



Shrinkage methods - III
Ridge-vs-Lasso

Why is it that the lasso, unlike ridge regression, 
results in s that are exactly equal to zero?̂β

The optimizer of lasso almost always lies on a 
wedge, forcing some coefficient estimates to 

exactly 0



Shrinkage methods - III
Ridge-vs-Lasso
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Lots of predictive features in true model (dense) Very few predictive features in true model (sparse)

Demonstrating ridge and lasso: implementation and deliverables



Shrinkage methods - IV
Elastic net

• A problem with lasso: When two predictors are highly correlated, lasso tends 
to randomly pick one and ignore the other. 


• Solution: Elastic net model, which retains a “more complete” effective feature 
set than lasso. 





• Both  and  are found using k-CV. Elastic net is computationally more 
costly!

̂βEN = argmin RSS(β) + λ (1 − α)
p

∑
j=1

|βj| + α
p

∑
j=1

β2
j

α λ



Derived input directions
Introduction (will skip principal components for now)

• Linear regression models using the original predictors  with different estimation techniques:


• Ordinary least squares

• Subset selection

• Shrinkage


• Now, we’ll explore approaches that transform the predictors and THEN fit a least squares model.

X1, X2, …, Xp−1, Xp

The methods differ in how the linear combinations are constructed.

In many situations we have a large number of inputs, often very correlated. 

In this section, we produce a small number of linear combinations  of the original 
inputs  , and s are then used in place of s as inputs in the regression.

Zm, m = 1,2,…, M
Xj, j = 1,2,…, p Zm Xj

m < p

Dimension reduction (kind of…)



Math notation (🤢)
General schematic of reducing dimensionality of predictors

• Step 1: Let  represent  linear combinations (weighted average) of our original predictors: 





• Step 2: Fit a linear regression model


Z1, Z2, …, ZM M < p

Zm =
p

∑
j=1

ϕmjXj

yi = θ0 +
M

∑
m=1

θmzim + ϵi ⟺ Y = Zθ + ϵ

How well/poorly we choose  will make/break this method. ϕm1, ϕm2, …, ϕmp

M

∑
m=1

θmzim =
M

∑
m=1

θm

p

∑
j=1

ϕmjxij =
p

∑
j=1

M

∑
m=1

θmϕmjxij =
p

∑
j=1

βjxij βj =
M

∑
m=1

θmϕmj

Dimension reduction serves to constrain the estimated  coefficientsβj

Potential gains 
Lose a little: higher bias 

Overall: less MSE



Partial least squares (PLS)
Outcome-guided specification of ϕm1, ϕm2, …, ϕmp

• PLS is a dimension reduction method, which 

• First identifies a new set of features  that are linear 

combinations of the original features 

• Then fits a linear model via OLS using these  new features


• PLS specifies  by making use of BOTH  and 


•    must be ‘representative’ of 


•  must also be related to 

Z1, Z2, …, ZM

M

ϕm1, ϕm2, …, ϕmp Y X
Z1, Z2, …, ZM X1, X2, …, Xp

Z1, Z2, …, ZM Y



Partial least squares (PLS)
Outcome-guided specification of ϕm1, ϕm2, …, ϕmp

Step 1: Standardizing  predictors and outcome (mean = 0, variance = 1)


Step 2: To calculate , we specify 


Step 3 for : To calculate : regress out  from 
 to create  - treat these as new predictors and repeat 

step 2 above.    

Step 4: Use  as covariates to predict 

p

Z1 =
p

∑
j=1

ϕ1jXj ϕ1j = lm(Y ∼ Xj)$coefficients

k = 1,2,…(M − 1) Zk+1 Zk
X1, X2, …, Xp X̃1, X̃2, …, X̃p

Z1, Z2, …, ZM Y
What is a ‘good’ ?M



So…what do we actually do?
Selecting the right model selection technique

Consider an example with two correlated inputs  and  
with correlation . The true regression model is:


  where  and 


We will study the coefficient profiles for different methods 
as we vary tuning parameter, for different values of . 

X1 X2
ρ

Y = β1X1 + β2X2 β1 = 8 β2 = 2

ρ

Ridge regression shrinks all directions, but (can) shrink low-
variance directions more 

Partial least squares (PLS) also tends to shrink the low-
variance directions, but (can) inflate some of the higher 
variance directions. 

PLS and ridge regression (usually) tend to behave similarly.

For minimizing prediction error, ridge regression is generally preferable to variable subset selection


Ridge regression may be preferred because it shrinks smoothly, rather than in discrete jumps. 


Lasso falls somewhere between ridge regression and best subset regression, and enjoys some of the properties of each.



Post-class debrief 
Today we discussed…
While simple and interpretable, standard linear regression (OLS) can produce unstable estimates when predictors 
are numerous or correlated, potentially harming model generalizability.

Three Strategies for Better Models 
1. Subset selection

2. Shrinkage

3. Dimension reduction

1. Subset Selection: Identify and fit a model using only the most impactful subset of predictors. Includes best-subset, 
forward stepwise, and backward stepwise selection. Produces a simpler, more interpretable model by eliminating 
non-helpful predictors.


2. Shrinkage (Regularization): Fit a model with all predictors but constrain or "shrink" the coefficient estimates towards 
zero to reduce variance. Ridge Regression and Lasso Regression have places different penalties on coefficients.


3. Dimension Reduction: Project the original predictors into a smaller set of new, uncorrelated features. Partial Least 
Squares (PLS) creates a small number of linear combinations of the original predictors that are then used to fit an 
OLS model. These new features are constructed to be related to the outcome.



Before next class…
2

Review ISLR 6


Review code 
4

1

3

https://www.youtube.com/watch?v=NGf0voTMlcs
https://www.youtube.com/watch?v=Q81RR3yKn30
https://www.youtube.com/watch?v=Xm2C_gTAl8c


QUIZ 3 DUE BY 8:59AM NEXT FRIDAY SEPTEMBER 18TH

LECTURE 4 AT 9:00AM NEXT FRIDAY SEPTEMBER 18TH

HOMEWORK 1 RELEASED AT 11:00AM TODAY




