Pre-class progress check

By now, you should have

1. EXxplored error metrics for supervised and unsupervised learning
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From week 1: error metrics and where to find them

Features Targets/
(input) labels Task type ML type Metric
P (output)
. . . — — . RMSE,
Prediction of brain volume from gestational age Regression R-squared
e o . . Accuracy,
gﬁ;ﬁlggs72?;;227;25;2”8"79 ultrasound or Classification Precision,
Recall, AUC
Patient health profiles using wearable device data O Clustering Sllgggreette
Compressing information from 30 features to study . . . :
o . . . . - Dimensionality Explained
similarities/differences in benign and malignant breast O . :
reduction Variance

tumors




More models, more problems...
How good is our model?

1. Our goal isn't just to explain the data we observe.

2. We want to build a model that generalizes well to new, unseen data.
A. A model that fits our training data perfectly might not be the best model.

B. It might have just "memorized” the data and not “understood” it.

C. This leads to a central challenge of ML: under-fitting vs. over-fitting.

3. Consider X ~ U(=2,1)and Y =2X° +4X + 5
1. We observe { (X, Yl-)}l.2=5(1) but don’t know the relationship between X, Y

2. Want to fit a model ¥ = f(X).



More models, more problems...

5 The model is “too simple”.
True model: Y =2X"+4X+5 It fails to capture the underlying trend in the data.

The model is "just right." It captures the The model is “too complex”. Will perform well on
underlying trend without fitting the noise. observed data but poorly on unseen data.




Assessing model accuracy
How good is our model?

1. Our goal isn't just to explain the data we
observe.

2. Want to build a model that generalizes well to
new, unseen data.
1. We split the data up into two smaller sets

2. Training data Tr: {xl-, V; fil
3. TestdataTs: {x;, y; ?il
4. Typically, N/IM =~ 4

TRAINING

TESTING

Model learns
the data
(hopefully)

Does model
generalize
well?




Bias, variance, and noise

Polynomial model
(degree = 1)

Polynomial model
(degree = 2)

Polynomial model
(degree = 20 )

Predicted

1. True model: Y pr = X*+ X — 2

2. Observe sample: Y,z = Y + noise, noise ~ N(0,1)

0
Predictor

3. Obtain predicted: Y pprp = Y based on fitted model (same Y o, different models)
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Bias, variance, and noise

Polynomial model Polynomial model Polynomial model
(degree = 1) (degree = 2) (degree = 20 )

Predicted

2 0 2 2 0 2 2 0 2
Predictor

1. Variance: how much the predicted target values from models trained using different
samples that vary from each other

2. Bias: how much, on average, the predicted target values differ from the true model

3. Noise: how much the sample target values differ from the true model
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Bias, Variance, and nOise (@) Can use parametric/nonparametric

models

Truemodel: Y =f(X)+e=EXY|X=x)+¢€

1. Fit model training set Tr: f( + )

2. We pick an observation (x, V) from test set Ts.

MSE(xy, yp) = E ()’o —f(xo)>2 =V (f(xo)) + Bias® (f(xo)) + [V(e)

1. Variance: how much the predicted target values from models trained using different
samples that vary from each other

2. Bias: how much, on average, the predicted target values differ from the true model

3. Noise: how much the sample target values differ from the true model
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Two Perspectives
on Error:

Measurement vs.
Cause

1. Train/test error is what we measure to see if a
model performance is good.

2. Bias-variance decomposition explains why the
error is what it is.



Beyond a Single Split: The Power of Resampling

Questions around generalizability...

* Entire analysis is based on the one specific * The core idea: we repeatedly create new,
sample of data we happened to collect. simulated datasets from our original data sample.
 How reliable is our model? * Model reliability: k-fold cross-validation
 How significant is the pattern we found? * TJest for significance: permutation tests.
While traditional statistical formulas can Techniques are cornerstones of modern ML
sometimes provide answers, a more powerful and statistics because they allow us to use our
and flexible approach is to use resampling own data to understand the reliability,

methods. certainty, and significance of our findings.
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Cross-validation

Finding a balance between over- and under-fitted models

* Training error often
underestimates test error
as model complexity
INCcreases. TRAINING

Model learns

the data
(hopefully)

Which model is
the best?

Model learns

TRAINING the data :
(hopefully) e |In CV, we consider a

class of methods that
estimate the test error by
holding out a validation
subset of the training VALIDATION
data during fitting, and
Does model then appl_ylng the model
TESTING generalize to the validation set. TESTING

Does model
generalize
well?

well?
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The solution: splitting our data (once)
"Sweet spot" between under-fitting and over-fitting ?

1. Training Set: The largest portion of your data.

- Used to fit the model's parameters (e.g., the coefficients in
a regression).

TRAINING

2. Validation Set: A separate portion of the data.

- Used to tune the model's hyperparameters (e.g., the
polynomial degree) and choose the best model

architecture.

- We evaluate different models on this set and choose the VALIDATION
one that performs best.

3. Test Set: Held back until the very end. Used only once to get TESTING
an idea of the chosen model's performance on unseen data.

Splitting data into a single training/validation set can be problematic!
Model performance on the validation/training $et might depend heavily on which data points are in it.

Model learns
the data
(hopefully)

Which model
is the best?

Does model
generalize
well?




Better solution: splitting our data (multiple times)

k-fold cross-validation is a more robust approach!

TEST TRAINING
TEST TRAINING TRAINING

TEST TRAINING TRAINING
TEST TRAINING TRAINING
TEST TRAINING

1 Set aside the TEST data. Must ensure that the test set is

representative of the whole
2. Split the remaining data into k equal-sized “folds” (k = 5 in the example above). dataset!

3. For each fold: Avoid selection bias! Try to

1. Treat the fold as a temporary VALIDATION set. ensure the distribution of target
values in the test set is similar to

2. Fit the model on the other k — 1 TRAINING folds. the training/validation set.

3. Evaluate model on the VALIDATION fold through performance score PS(k). k n,

CV:= ) —PS(k)
n

4. Average the performance scores from all k folds.
k=1
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k-fold cross-validation - some more comments

1. Leave-one-out cross-validation (LOO-CV):
1.  An extreme case is to take K = n.
2. Each time, an observation is left as

validation set and the remaining n — 1
observations are used to train the model.

2.  When K'is small, the resulting performance

score CV(K) may be an overestimate of the
underlying model error.

3. People have been incredibly careless with k-
CV.....but, we won't.

Option 1: Apply cross-validation in step 2.
Option 2: Apply cross-validation to steps 1 and 2.

Selected s
Selectf:d set Predictors Outcome f predict Predictors Outcom
of predictors ! ' . V
! ! v y
| N
e e T
N
AN -
\ Sampl CV folds
~N Y = <
Samples @ | ~~ - -~~~ -~~~ | S e
______ . =---3% CV folds ¢ /
| p s/ /
VA
/ Y /’/
____________ / ,
Z D /
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The bootstrap

Introduction

The bootstrap is a flexible and powerful statistical tool that can be used to quantify the
uncertainty associated with a given estimator or statistical learning method.

Question: How certain are we about a calculated value, like a model coefficient?

Resampling Method Answer: We simulate new data by repeatedly drawing samples
of the same size with replacement from our original data.

For n observations, we randomly sample n subjects with replacement to obtain a new
“bootstrap dataset”. Each bootstrap dataset is a “pseudo-observed” dataset. The

procedure is often repeated for B times to obtain B bootstrap datasets.
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The bootstrap

Schematic
Obs | X Y
_ 1 4.3 2.4
2 |21 |11
53 (2.8
This procedure is repeated B times for some large value of B :

(say 100 or 1000), to produce
1. B bootstrap data sets, Z*!, Z**, ..., Z*8

2. B a estimates, &*1, @*2,..., &*P

We estimate the standard error of these bootstrap
estimates using the formula

SEx(a) = \B - Z (G*b — a*)>

Original Data (Z)

Obs | X Y
3 53 | 2.8
1 43 |24
3 53 | 2.8
Obs | X Y
2 2.1 | 1.1
3 53 | 2.8
1 43 |24
Obs | X Y

2.1

1.1

2.1

1.1

4.3

2.4

A graphical illustration of the bootstrap approach on a small
sample containing n = 3 observations.

1. Each bootstrap data set contains n observations, sampled
with replacement from the original data set.

2. Each bootstrap data set is used to obtain an estimate of
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The bootstrap

An example

We used the mtcars dataset to estimate how a

Carls Welght! horsepower5 and transmISSIOn type Forest Plot: Bootstrap vs. OLS Theory Confidence Intervals
affect its fuel efficiency and to quantify the o+ o
uncertainty of these estimates.

We compared confidence intervals from

Model Term
=

1. Standard OLS theory, which relies on regression | . |
model assumptions.

-5.0 2.5 0.0 2.5
Coefficient Estimate (Standardized)

2. Bootstrapping, a resampling method, which
relies on bootstrap consistency assumptions (?).
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The bootstrap
When to NOT bootstrap

Bootstrap for error estimation?

A critical assumption of the bootstrap procedure is that the
observations are independent and identically distributed.

The method of sampling individual observations with replacement only
makes sense if the order and grouping of the data don't matter.

'his assumption is violated in several common data types:

Time Series Data

2. Longitudinal or Hierarchical Data

For these cases, modified bootstrap procedures exist (block
bootstrap for time series data). Instead of sampling individual
observations, we sample blocks of consecutive observations to
preserve the time-dependent structure.

Out-of-Bag (OOB) Estimation: When you draw a bootstrap sample, on
average, only about 63.2% of the original observations are included. The
remaining 36.8% that are left out are called the "out-of-bag" (OOB)
observations. We can use these OOB samples as a "test set" for the model
trained on the main bootstrap sample.

This OOB error estimate tends to be pessimistic (too high). Why? Because the
model was trained on only ~63% of the unique data points, which is smaller
than the full dataset, and models trained on less data are typically worse.

The .632 Bootstrap Solution: A popular fix is the .632 bootstrap, which tries
to correct for this pessimistic bias. It calculates the final error estimate as a
weighted average:

Ey 630 = 0.368 X Training error + 0.632 X OOB error

k-fold cross-validation is still preferred for estimating prediction error.
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Permutation tests

Introduction: The Problem with Standard Tests

Imagine we're comparing the heart activity (measured by some score) between two
groups: one that meditates and one that doesn't. We collect data and find:

1. Meditators (Group A): {10, 12, 15, 17, 100}
2. Non-Meditators (Group B): {11, 13, 14, 16, 18}
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Permutation tests

Introduction: The Problem with Standard Tests

Imagine we're comparing the heart activity (measured by some score) between two
groups: one that meditates and one that doesn't. We collect data and find:

1. Meditators (Group A): {10, 12, 15, 17, 100}
2. Non-Meditators (Group B): {11, 13, 14, 16, 18}

A standard t-test assumes our data (or residuals) are normally distributed. But what
if one data point is an extreme outlier, like the 100 in Group A? This can severely
distort the mean and inflate the variance, making the t-test's p-value unreliable,
potentially leading to a false conclusion of "no significant difference" or vice-versa.
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Permutation tests

Technical detaills

—h

=

o

How It Works

Calculate Observed Statistic: Compute a test statistic (e.g., difference in means, t-statistic, correlation) from your original data.
Permute Labels: Randomly shuffle (permute) the group labels among all observations. This breaks any true association while
preserving the overall distribution of the data.

Calculate Permuted Statistic: Compute the same test statistic for this new, permuted dataset.

Repeat: Repeat steps 2 and 3 thousands of times (e.g., 10,000 times) to build a null distribution of the test statistic.

Calculate P-value: The p-value is the proportion of permuted test statistics that are as extreme as, or more extreme than, your
original observed statistic.

This process allows us to derive a p-value without assuming a specific theoretical distribution for the data.
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An example

Let's use the chickwts

dataset, which contains the
weight of chicks fed different
diets.

Some feed types might lead to
non-normal weight distributions,

making standard ANOVA p-
values less trustworthy.

We'll compare two specific feed
types: casein and meatmeal.

meatmeal

Feed Type

casein

Permutation tests

100

200

A) Observed Chick Weights by Feed Type

300
Weight (grams)
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400

500

1000

750

Frequency
0
o
o

250

-100

B) Null Distribution from Permutation

| Observed Diff = —46.7

-50

0
Difference in Means (Permuted)

50

100



Post-class debrief

Today we discussed...




Additional resources (optional)

0 https://cran.r-project.org/web/packages/caret/vignettes/caret.html

Cross Validation.... ° Bootstrapping...

OO O080" =

P
P
.

...Main Ideas!!!

Check out StatQuest video Check out StatQuest video

0 Review code



https://cran.r-project.org/web/packages/caret/vignettes/caret.html
https://www.youtube.com/watch?v=fSytzGwwBVw
https://www.youtube.com/watch?v=Xz0x-8-cgaQ







